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2.10 Clément’s Interpolator

Let Q = (0, 1) and consider the equidistant subdivision into elements [z;_1,z;] =
[(i — 1)h,ih], i =1,...,n. For each node x; = ih,i =1,...,n — 1 we define the
local LQ—pI'OjGCtiOH IDZ . Lg(l‘i_l, xi—i—l) — Po(l'i_l, .CL"H_l) =R by

T4l Ti+4+1
/ (Pw)qdr = / vqdz Vq € Po(wi1, wix1) Y € La(zi1, Tiy1),

Ti—1 Ti—1

where Py(z;_1, x;41) are the constant functions on (z;_1, z;41). Show that

1) Pv=& [ o(z)dar,

2h Jx;_1

2) HU - PiUHL2(rz‘—17xi+1) <ch HU,HL2($2‘—1,I2‘+1) Vo € Hl(xi*b xi+1)'
Let Vy := H(0, 1) and Vg, := span{p") : j = 1,...,n — 1} where pU) is the
nodal basis function associated to the node z;. We define Clément’s interpolator

Iy« Ly(0, 1) — Vo, C Vp by

—_

(Inu)(x) == ; (Pju) pY (2) for x € [0, 1].
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Show that
lu— ThullLy00) < chllW|lr00 — Vu€ Vo

Hint: Follow your lecture notes. The difference here is that we have boundary con-
ditions! Show (by transformation to the reference element) and use the scaled Fried-
richs inequality

||u||L2(0€07501) < crh |U|H1(I0,I1)7

with c¢p # cr(h).

Show that

Hint: In the construction of the proof follow the previous exercise, and find an
. / .
estimate for ||p®||1_(0.1) in terms of h.

lu— Iyulmony < cllullmo,) -

24



Show the estimate
lv = Pl pywaoy < ehilolmpeoy Vo€ H(U(@Y))

which is needed in the proof of Lemma 2.18 in the lecture notes.

Hint (there are many ways to prove this; here is a sketch of one possibility): Trans-
form U(z%) to a domain U of unit size. Then insert —o + 0 in the transformed
left hand side, with the mean value 0 = [0]™! [5 Z(¢) d¢. Finally, use Poincaré’s
inequality, the Bramble-Hilbert lemma, and transform back.

2.11 A posteriori error estimates

Section 2.6.2 in the lecture notes treats the residual error estimator for the Dirichlet
problem of Poisson’s equation. How do we have to modify this estimator such that
it works for the CHIP model problem?
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