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2.5 Properties of the Finite Elements Equations
Prove the inheritance identity

(Kpuy,v,) = alup, vp) Yy, vy < un, vp € Vo | (2.29)

Show that the eigenvalue estimates in Theorem 2.4 are sharp with respect to the
h-order by proving the following statement. There exist positive constants ¢}, and
¢ independent of h satisfying the estimates

Amin (Kr) < cgh? and Amax(Kn) > ¢gh®?. (2.30)
For simplicity, consider the 1D case (d = 1):
—d'a) = f(@) Ve (0,1),
u(0) = wu(l) = 0.

Show that, for a regular triagulation according to Definition 2.3, there exist h-
independent positive constants ¢, and ¢, satisfying the inequalities

coh(vy,v,) < (Mywy,v) < Goh(vy,v) (2.31)

for all v, € RV where M) denotes the mass-matrix defined by the identity

(Mpuy,,v),) = / up(z)vp(x)dx Yuy,, vy, < up, vy € Vop. (2.32)
Q

Let A = A\Lax be the maximal eigenvalue of the generalized eigenvalue problem
Kpu, = AMpu,, (2.33)
and let A\, = A, nax be the maximal eigenvalues of generalized eigenvalue problems

Kul = A M, (2.34)
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where K }(f) and M}Er) denote the (local) element stiffness and mass matrices for
element number r = 1,2, ..., Ry, i.e., it holds

Rh Rh
K, =Y CGKVCT  and M, = Y C.MICT.
r=1 r=1

Show the eigenvalue estimate

A < max_ A\, (2.35)
r=1,2,...,Rp
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