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1.4 Electromagnetic Fields
Show the integral identity

/chrl(u)-vdx:/ﬂu-curl(v)dx—i-/u-(vXn)ds

r

for all vector functions u, v € [C1(Q)]?, where n denotes the external unit normal
on the boundary I' = 9 of the bounded and sufficiently smooth domain Q C R? !

Let us consider the following variational problem: Find a vector function v € V, =
Vo := Ho(curl, 2) = Hy(curl) satisfying

/Q Ecurl(u) -curl(v) + ou - ,U] dr = /Q [J v+ M- curl(w)]de Yo e Vy, (1.14)

where J, M € [Ly(2)]® are given vector functions and u,0 € L () are given
uniformly positive and bounded scalar functions, i.e., there exist positive constants
i, i, o and @, satisfying p < p(x) < pand ¢ < o(z) < 7 for almost all x € . Prove
that these assumptions already guarantee the existence of a unique solution of the
variational problem (1.14).

Which solvability condition must the right hand side fulfill in the case o = 0 (ma-
gnetostatics) 7

1.5 Mixed Variational Formulations

Hint: Use the slides from http://www.numa.uni-linz.ac.at/Teaching/LVA/2009s/
NuEPDE/ !!!

Let us consider the solution (w,f) € V := H3(Q) x (H}(2))? and v € Q :=

H~1(div, Q) of the mixed variational problem

a((w,0), (v,0)) +b((v,0),7) = (f;(v,¢)) V(v,0) €V, (1.15)
b((w,8),m) = {(g,m) vn € Q, (1.16)



l(w.0),(0.0)) = a0.0) = g [ 03 26 2(0) + 55 div) divie) oy
b((w7 Q)?U) = <VU} 0777>Q*><Q - (vw - 97”)07
<f7<v7 )> :<f,U>:(f,U)0

Prove that if (w, #) is a sufficiently smooth solution of problem (1.15)-(1.16), then
w satisfies the first biharmonic BVP !

Formulate the mixed variational formulation of the mixed BVP
—Au=f in Q, u=0 on Iy, — =0 on I}

for Poisson’s equation with f € L*(Q), 1 NTy =0, and T, UTy =T!

Let us consider the following mixed formulation: Find (u,p) € Ho(curl) x Hj(£2)
such that

/ veurl(u) - curl(v) dr + / v-Vpdr = / J-vdr Yv € Hy(curl) (1.17)
Q Q Q
/u~qux = 0 Vg€ Hy(Q), (1.18)
Q

where v € Lo(Q) is a uniformly positive function and J € (Ly(Q))? is weakly
divergence-free, i.e.

/ J-Vqdr=0 Vg€ Hy(Q). (1.19)
Q

Show that p is identical to the zero function ! Therefore u is a weakly divergence-free
solution of the magnetostatic problem (1.14) with v =1/u,0 =0, M = 0.

Hint: q € H} () implies that the tangential derivative Vg x n vanishes on T



