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06    Let  
 

11 12

21 22

A A
A

A A
⎡ ⎤

= ⎢ ⎥
⎣ ⎦

 

 

such that 

 

11det(A) 0, det(A ) 0≠ ≠  

 

and let 

11 121

21 22

B B
A

B B
− ⎡ ⎤
= ⎢ ⎥
⎣ ⎦

. 

 

Prove 

 

  , 1
A 2S B− = 2

12

 

where 
1

A 22 21 11S A A A A−= −  
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07    Let 

 

{ }1 2 1 2(x ,x ) | 0 x 1, 0 x 1Ω = < < < < , 

{ }1 1 1(x ,0) | 0 x 1Γ = < < , 

0 1\Γ = ∂Ω Γ . 

Consider 

  0

1

u f (x), in ,
u(x) 0, x ,

u(x) 0, x .
n

⎧
⎪−Δ = Ω
⎪

= ∈⎨
⎪∂⎪ = ∈

∂⎩

Γ

Γ

 

 

Let  be a uniform triangulation with a mesh step hΩ h 1/ n= and  be 

a piecewise linear finite-element space such that 

h
h 0H ( , )Ω Γ

 

  . h
0u (x) 0, x= ∈Γ

 

Define the stiffness matrix A: 

 

   h h h h h
h 0( u , v ) (Au,v) u ,v H ( , )

Ω

∇ ∇ = ∀ ∈ Ω Γ∫ . 
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Consider the decomposition of nodes of  hΩ  into blocks with the numeration of 

blocks as on the picture: 

n  

2  

1  

n 1−
 

i
i
i

 
 

Let  is the matrix of the order  n-1  having the following form 1A

 

1

2 1
1 2 1

. . .
A . . .

. . .
1 2 1

1 2

−⎡ ⎤
⎢ ⎥− −⎢ ⎥
⎢ ⎥
⎢ ⎥= ⎢ ⎥
⎢ ⎥
⎢ ⎥

− −⎢ ⎥
⎢ ⎥−⎣ ⎦

 

and let  
h

1 1 1 1A Q Q= Λ , 

[ ] { }1 1 n 1 1 1 nQ q , ... ,q , diag , ... ,− −= Λ = λ 1λ ,  

 

where { } { }iq , λi  are eigenvectors and eigenvalues of  . 1A
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a) Find the representation of  in the form A
*A QTQ= , 

 where Q is the block-diagonal matrix: 

  .  

1

1

Q
. |

Q . n|
. |

Q

⎡ ⎤ ↑
⎢ ⎥
⎢ ⎥
⎢ ⎥= −
⎢ ⎥
⎢ ⎥
⎢ ⎥ ↓⎣ ⎦

1

 

b) For each    consider the corresponding  vector 

.  Decompose  a  vector   into blocks 

h h
hu H ( ,∈ Ω Γ0 )

(n 1) nu R −∈ u

1

2

u
u

u
⎡ ⎤

= ⎢ ⎥
⎣ ⎦

, 

where the vector   corresponds to nodes from the interior of   and the 

vector  corresponds to nodes from  

1u Ω

2u 1Γ . According to this decomposition, 

A has the block form 

11 12

21 22

A A
A

A A
⎡ ⎤

= ⎢ ⎥
⎣ ⎦

. 

Put 
1

A 22 21 11S A A A A12
−= − . 

 

 Find eigenvectors of  . AS

 

c) *  Find a recurrent formula to define eigenvalues of  . AS
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