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49. Show that the θ-method is A-stable if and only if θ ≥ 1/2.

50. Show: If a Runge-Kutta method is contractive for the differential equation

u′(t) = Ju(t),

it is also contractive for the differential equation

u′(t) = Ju(t) + f(t)

for an arbitrary function f(t).

51. Let M and K are n-byn matrices with MT = M > 0 and KT = K > 0. Show that
the θ-method for θ < 1/2 applied to the linear system

u′(t) = −M−1Ku(t)

is contractive if

τ ≤
2

(1 − 2θ) λmax(M−1K)
.

52. Let A be a real n-by-n matrix and let (z, z′) be a scalar product in Cn with induced
norm ‖z‖ = (z, z)1/2. Show that

sup
06=x∈Rn

‖Ax‖

‖x‖
= sup

06=z∈Rn

‖Az‖

‖z‖
.

53. Show that a B-stable Runge-Kutta method is also A-stable.

Hint: Let λ = λ1 + iλ2 ∈ C with λ1 ≤ 0. Consider the linear system
(

u′
1(t)

u′
2(t)

)

=

(

λ1 −λ2

λ2 λ1

) (

u1(t)
u2(t)

)

,

(which, of course, is equivalent to

u′(t) = λ u(t)

with u(t) = u1 + iu2(t),) and apply the definition of an B-stable method.

54. Show that the implicit Euler method is B-stable.

Hint: Show that

(wj+1 − vj+1, wj+1 − vj+1) ≤ (wj − vj, wj+1 − vj+1).
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