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43.

44.

Consider the initial-value problem

under the assumption that
| f(t,w) — f(t,v)]| < L|w—wv| forallt, v, w.
Show that, for each ¢; and u;, there exists a unique solution w;;; of the equation
Ujp1 = u; + 7 f(t; + 7, u41),

if < 1/L.
Hint: Apply Banach’s fixed point theorem.

Consider the initial-value problem

u'(t) = fltult)),
u(0) = wug

under the assumption that
1F(tw) = (o))l < Lllw— v for all £, v, w,

and
(ft,w)— f(t,v),w—v) <0 forallt, v, w.

Show that, for each 7 > 0, t; and u;, there exists a unique solution u;y; of the
equation
Ujrr = uj + 7 f(t; + 7, u540).

Hint: Apply Banach’s fixed point theorem to the following equivalent equation
ujpr = Gujrn) = (1= p)ujpa + p(uy + 7 f(t +7,u541))
for some parameter p € (0,1). Estimate
IG(w) = G)|* = (G(w) - G(v), G(w) — G(v))

and choose p € (0, 1) such that G is contractive.
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45.

46.

47.

48.

Show for the consistency error of the implicit Euler method, given by

U (t+7)= l(u(t%-T) — u(t)) — flt+7ult+71)),

T

where u(t) denotes a solution of the differential equation

u'(t) = f(t u(t)),

the following estimation:
t+1
ortt+ Dl < [ o) ds
t

Assume the notations and assumptions of problem 44. Show for the implicit Euler
method:

Ujrr = wj + 7 f(tjer, wjp1)
that
u(tjrr) = w(ty) + 7 f(tjpr, ultjen)) +7e(tj),

where u(t) denotes the exact solution of the initial-value problem, and

ejr1 =€ +7 (f(tign u(tjzr)) — f(tja i) + 79 (tj41),
where ej, = u(ty) — uy denotes the global error.

Assume the notations and assumptions of problem 46. Show the following estimation:
lejrall < llesll + 7 lr () -
Hint: Multiply the identity

ejr1 =€+ 7 (f(tjen, ultiz)) — (i, wisn)) + 79 (tj11)
by e;j+1 = u(tj+1) — uj+1 and use Cauchy’ inequality for the right hand side.

Assume the notations and assumptions of problem 46. Show:

tj
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